TRACE FORMULAS FOR NON-SELF-ADJOINT 
PERIODIC SCHRODINGER OPERATORS 
AND SOME APPLICATIONS 
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D t Abstract. Recently, a trace formula for non-self- adjoint periodic 

■ Schrodinger operators in L? (M) associated with Dirichlet eigenval- 

ues was proved in 9 . Here we prove a corresponding trace formula 
associated with Neumann eigenvalues. 

In addition we investigate Dirichlet and Neumann eigenvalues 
of such operators. In particular, using the Dirichlet and Neumann 
trace formulas we provide detailed information on location of the 
Dirichlet and Neumann eigenvalues for the model operator with 
' the potential Ke 2tx , where K 6 C. 
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1. Introduction 

> 

^ ; Consider the differential expression L 

dx 1 

where V is a continuous complex-valued periodic function on R of period 



<N i L = — — + V{x), x G 
7— i , dx z 

m 
o 



7r. The Hill operator H in L (R) generated by the differential expression 

^— > ■ 

c3 ■ L is defined by 

a 

> 



(Hf)(x) = L(f(x)), i6K, fe dom(H) = H 



2,2/ 



^ ■ where if 2 ' 2 (R) denotes the usual Sobolev space. Then if is a densely 

defined closed operator in L 2 (R) (see, e.g., [7J Ch. 5]). 

In addition, we define families of differential operators and 
in L 2 ([xo,xo + 7r]), xo G R, as follows: 

(H°f)(x) = L(f(x)), xe[x ,x + ir], f G dom(H°), 
(H»f)(x) = L(f(x)), xe[x ,x + ir], fedom(H»), 
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where 

dom(H°) = {/ G L 2 ([x ,x +tt]) | /, /' G AC([x , x + tt]); 

/(xo+) = = /(x + 7t-)}, 
dom(H? ) = {fe L 2 ([x , x + ir])\f,f'e AC([x Q , x + tt]); 

/ / (a;o+) = = / / (xo + 7r-)}. 

The L 2 (M) spectrum of the Hill operator H is purely continuous and 
it is the union of countably many analytic arcs in the complex plane 
[TBJ ■ O n the other hand, the spectra of H£ and are purely discrete. 
We will denote the Dirichlet eigenvalues (i.e., the eigenvalues of H® Q ) 
by fij(xo), j G N, and the Neumann eigenvalues (i.e., the eigenvalues of 
H£?) by fk(xo), k G No = N U {0}, where we number these eigenvalues 
in the order of non-decreasing magnitudes. 

When the potential V is real-valued and periodic, the operators H, 
H® Q and H£? are all self-adjoint, and hence the spectra of these oper- 
ators are subsets of the real line. In this case, the spectrum of if is a 
countable union of closed intervals [E 2m , E 2m+ x], m G No, on the real 
line, where E m are such that L<p = E m <fi has a nontrivial (i.e., nonzero) 
periodic solution of period 2tc. Thus, E m are eigenvalues of the self- 
adjoint operator associated with L under periodic boundary conditions 
at and 2tc, and they are all real. Moreover, 

^o(^o) < E , E 2m -i < Hm(xo), v m (x ) < E 2m , m G N, x G R 

(1.1) 

(see, e.g., Theorem 3.1.1], [Hj). 
Moreover, the following trace formulas hold. 

Lemma 1.1. Suppose that V G C 1 (1R) is a periodic function on K and 
let x G M.. Then, 

oo 

V{x) =E + J2 { E 2m-i + E 2m - 2 t i m (x)) , (1.2) 

m=l 

oo 

V(x) = 2u (x) -E + Y, {2u m (x) - E 2m _ x - E 2m ). (1.3) 

m=l 
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Under the hypothesis that V G C 3 (IR) is a real- valued periodic func- 
tion on R, Trubowitz (22] proved the Dirichlet trace formula (jl.2j) . 
The Neumann trace formula f)1.3|) for real-valued potentials is due to 
McKean and Trubowitz [T^]. In 2001, Gesztesy [Oj extended (jl.2j) to 
complex- valued periodic C 1 (1R) potentials. In Sectional we will prove 
the trace formula f)1.3j) for complex- valued periodic C 1 (R) potentials, 
by closely following the methods in j^J. We refer to [TU1 p. 121] (cf. also 
[TT] ) for further references and a detailed history of trace formulas. 

In the self-adjoint case, Borg [I] showed that V = E is the only 
real-valued periodic potential, for which the Hill operator H has the 
spectrum [E ,oo). One can see that if V G C 1 (M) is real-valued and 
periodic, the Dirichlet trace formula (jl.2j) yields V(x) = Eq since then 
Ei m -\ = E 2m and E 2m _ 1 < /i m (x) < E 2m for m G N. Extensions of 
this simple observation to reflectionless potentials can be found in 

Unlike the self-adjoint case, there are infinitely many complex- valued 
potentials that generate a half-line spectrum [0, oo) as shown by Gasy- 
mov 13] (also, see [T7j, |2H]). In these cases, even though all E m are real 
and E 2m ,-\ = E 2m for all m G N, the Dirichlet and Neumann eigenval- 
ues Hm(x), v m {x) are not trapped between E 2m _\ and E 2m , due to non- 
self-adjointness of the corresponding operators and . From the 
inverse spectral point of view, this explains the highly non-uniqueness 
property of complex-valued periodic potentials (see, e.g., [IQ:, p. 113]). 
As a concrete example, the potential V(x) = e 2lx generates the spec- 
trum [0, oo) (cf. [T3]) and one infers E = 0, E 2m _i = E 2m = m 2 , 
m G N. Marchenko JH] provides the asymptotic location of /^ (x) and 
fk{.x) (see (jSinj), <)3.7|1 and ()3.8|) below). However, up to date, the pre- 
cise location of yUj(x) and Vk(x) for small j, k, is not known for this 
example. The principal application of the trace formulas proved in this 
paper will be a determination of the location of these eigenvalues. This 
complements the asymptotic results of Marchenko ^B] . 

In Section |21 we will briefly review elements of Floquet theory and 
show that algebraic and geometric multiplicities of the eigenvalues E m 
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are different for some cases in Theorem 11.41 Our principal new result, 
the Neumann trace formula for periodic potentials will be proved in 
Sectional In Section HI we will prove the following result: 

Theorem 1.2. IfV(—x) = V{x), x G R, then for all x 6l, j G N, 

and k G N , Hjijt — x ) = fij(x ) and v k (jx — x ) = Vk{ x o)- 

In Section we will recall some unpublished work by Deift |B] and 
review some basic facts on Bessel functions that we use in our final 
Section H3 In Sectional we will use the trace formulas (jl.2|) and (jl.3j) to 
investigate the location of fij(x ) and v k (x ) f° r the concrete example 
V(x) = Ke 2lx , K G C More precisely, we will prove the following 
theorems. 

Theorem 1.3. Suppose that V(x) = Ke 2lx and K = \K\e 2lipo for some 
tpo G R. Then for all j G N and k G No, ^j(K, x ) = ^j(\K\,Xo + <£> ) 
and u k (K,x ) = u k (\K\,x + <p ). 

Theorem 1.4. Suppose that V(x) = Ke 2tx , K > 0. Then 

(i) (j-l) 2 <fi 3 (0)<j 2 forall 3 eN. 

(ii) I/O < K < I, then for all j G N, 

J 2 - f < J 2 ~ f + EL=i( m2 ~ Vm(0)) < A*i(0) < j 2 , and hence 
f i j {Q)^E m for all j en. 
(hi) IfK>l then M 1 = K-2 £!^ J (™ 2 - /i m (0)) > and 

j 2 - Ml < ^(0) < j 2 for all j > VK + I, where [^K\ de- 
notes the largest integer that is less than or equal to \J~K. In 
particular, [ij(0) ^ E m if j > \/~K + 1 and m G N . 

(iv) k 2 < v k (0) <{k + I) 2 for all k G N . 

(v) IfO <K < I, then for all k G N 0; 

k 2 < u k (0) < k 2 + f - i/ (0) - E^=iK(0) - m 2 ) < k 2 + f - 
z/o(0), and hence ^(0) ^ E m for all k,m G No. 

(vi) IfK > 1 then M 2 = K- 2^(0) - 2 £|^ J (v m (0) - m 2 ) > 
and /c 2 < ffc(O) < /c 2 + Ma /or a// A; > V^. In particular, 
^(0) 7^ _E m /or A; > <™d m G N . 
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(vii) IfK>0 then (2j - l) 2 < // 2 ;-i(7r/2) < Mtt/2) < (2j) 2 /or 
a// j G N, and aence /^(7r/2) 7^ _E m /or a// j G N and m G N . 
Moreover, if < K < 1 then for all j G N ; 

(2j - l) 2 < ^-i(tt/2) < (2j - 1/2) 2 < /^(tt/2) < (2j) 2 . 

(viii) IfK>0 then (2k) 2 < v 2k (vj2) < v 2k+1 (ir/2) < (2k + l) 2 for 
all k G No, and hence Uk(ir/2) 7^ i? m for all k G No. Moreover, 
ifti<K<\ then for all k G N , 

(2A;) 2 < u 2k (n/2) < (2k + 1/2) 2 < fx 2k+1 (n/2) < (2k + l) 2 . 

(ix) For every x G (0,7r), /ij(x ), ffc(z ) 7^ ^m- 



In this section, we introduce some definitions and basic facts on 
Floquet theory. In addition, we investigate algebraic and geometric 
multiplicities of the eigenvalues E m . 

We study 



where A G C and V G L 1 1 oc (lR) is a periodic function of period n. 

For each A G C and Xq G R, there exists a fundamental system of 
solutions c(A, x ,x), s(A, x ,x) of equation (j2.1|) such that 



One can check that these two solutions satisfy the Volterra integral 
equations 



2. Background 



Lip(x) 



ip"(x) + V(x)i)(x) = \i/j(x), x G R, 



(2.1) 



c(A, a; ,a;o) = l,c'(A, x ,x ) = 0; 
s(A, x ,x ) = 0,s'(A, x ,x ) = 1. 



c(A, so, x) = cos[\f\(x — x )] 




(2.2) 



s(\,x ,x) 



sin[v^A(x — xq)] 




(2.3) 
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From these integral equations, along with uniqueness of their solutions, 
one can show that 

t^- (c(X, x Q , xfj = (A - V(x ))s(X, x , x), (2.4) 
(s(X, x Q , x) ) = -c(A, rr , a;)- (2.5) 
The monodromy matrix M associated with ()2.1|) is defined by 

M(X x ) — ( c (^ x o> x ° + s(X,x ,x + n) 
~~ \c (X, x , x + 7r) s'(A, x , x + 7r) 

and the corresponding Floquet discriminant A (A) (half the trace of M) 
is defined by 

A(A) = - (c(X, x , x + 7r) + s'(A, x , x + vr) j . (2.6) 

Using (|2.4j) and ()2.5|) . it can be shown that A is independent of Xq e R. 

The Floquet discriminant A (A) is an entire function of order |, and 
E m , m G N , are the zeros of A(A) 2 -1=0 (see, e.g., jZj Ch. 4]). 
Moreover, since for each xq G K the entire function A i— > s(A, Xo, Xo + 7r) 
is of order \ (see, e.g., |3 Ch. 4], |2U Ch. 21]), the function has 
infinitely many zeros fij(xo), j G N, by the Picard little theorem (see, 
e.g., [2J Ch. 5]). Similarly, there are infinitely many zeros fk( x o)i k G 
No, of the entire function c'(A, Xq, Xq + tt) of order i. 

Algebraic and geometric multiplicities of the eigenvalues E m . 

When V is real- valued and periodic, the Hill operator associated with L 
in L 2 ([0, 2tt]) with periodic boundary conditions at and 2ir (which can 
easily be defined also for V G Li oc (R)) is self-adjoint, and hence the 
algebraic and geometric multiplicities are the same. However, these 
two multiplicities of the eigenvalues E m do not necessarily agree in 
the context of non-self-adjoint Hill operators. In particular, for the 
concrete example V(x) = Ke 2lx that generates a non-self-adjoint Hill 
operator in L 2 ([0, 2tt]) with periodic boundary conditions at and 2-7T, 
we will explain below why these two multiplicities are different for all 
E m , m G N if \K\ < 1. 
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The geometric multiplicity of an eigenvalue is the number of linearly 
independent eigenfunctions corresponding to the eigenvalue. In addi- 
tion, the geometric multiplicity of the eigenvalues E m corresponding to 
periodic or anti-periodic boundary conditions at and ir agrees with 
the number of linearly independent eigenvectors of the monodromy 
matrix M(E m ,x ) (see, e.g., [3 Ch. 1]). 

Since the Wronskian of c(E m ,x , •) and s(E m ,x , •) is one (i.e., the 
determinant of the monodromy matrix equals one), and since the trace 
of the monodromy matrix M(E m ,xo) is 2 (or —2) (i.e., A(E m ) = ±1), 
we see that 1 (or —1) is the only eigenvalue of the matrix M(E m ,x ). 
In this case, the only way the monodromy matrix can have two lin- 
early independent eigenvectors occurs when M(E m , xq) equals the 2x2 
identity matrix I 2 (or — I 2 ). Thus, the geometric multiplicity of E m 
is 2 if and only if c(E m ,x ,x + n) = s'(E m ,x ,x + ir) — ±1 and 
c'(E m , x , x + it) = = s(E m , x , x + tt). 

In the special case where V is real-valued and periodic, the con- 
dition E 2m -i = E 2m forces E 2m = /i m = u m , m G N (see, e.g., [7., 
§2.3]) and hence c'(E 2m ,Xo,x + n) = = s(E 2m ,x ,x + n). So 
M(E 2m ,Xo) = ±I 2 . Thus, if E 2m _i = E 2m for some m 6 N then 
the geometric multiplicities of such E 2m are all 2. However, when V is 
complex-valued and periodic, the condition E 2m _i = E 2m does not im- 
ply c'(E 2m , xo, xq + ti) = = s(E 2m , xo, xo+vr), and hence the geometric 
multiplicity of E 2m could be 1. 

When V(x) = Ke 2lx , K G C, the Floquet discriminant takes on the 
special form A(A) = cos(tt v / A) (see [T3], [TTj, [23 Theorem 2]). Thus, 
E 2m -i = E 2m = m 2 for all m G N, but as we see from Theorem II A\ if 
\K\ < 1 then s(E 2m , Xo,Xo + n) ^ since fij(xo) ^ m 2 for any j G N. 
Thus, if \K\ < 1, the geometric multiplicity of each E m , m G N, equals 
1. On the other hand, the algebraic multiplicity of the eigenvalues 
E m could be higher than one. In general, the algebraic multiplicity 
of the eigenvalue E m is the multiplicity of the zero of A(A) =F 1 = 
at A = E m (see, e.g., O Theorem 3.3]). So except for E Q = 0, the 



cS 



eigenvalues E 2m -\ = E 2m = m 2 have algebraic multiplicities 2 and 
geometric multiplicities 1. This result is mentioned in p. 5] without 
proof. 

3. Trace formulas 

In this section, we prove a trace formula for V associated with the 
Neumann eigenvalues v k , k G N . 

In |5] , Gesztesy proved the following trace formula for Dirichlet eigen- 
values Hj, j G N in the general case where V G C 1 (1R) is complex- valued 
and periodic (actually, a larger class of potentials was considered in 
For simplicity we assume that V has period ir. 

Theorem 3.1. Suppose that the potential V G C 1 (1R) is periodic of 
period it. Then 

oo 

V{x) = E + J2i E 2rn~i + E 2m -2ii m {x)), X G K. (3.1) 

m=l 

Next, we will prove the corresponding trace formula associated with 
Neumann eigenvalues fk{x)- In Section El these two trace formulas 
will be used to investigate location of Hj(x) and 1^(2?) for the example 
V(x) = Ke 2ix , K G C. 

Theorem 3.2. Suppose that the potential V G C 1 (1R) is periodic of 
period it. Then 

00 

V{x) =2u {x)-E + J2 {2v m {x)-E 2rn ^-E 2m ), x£R. (3.2) 

m=l 

Proof. We will closely follow the proof in the Dirichlet case in 

Let Cr(A, Xi, x 2 ) be the Green's function of the Hill operator H in 
L 2 (R). Then the diagonal Green's function g(X,x) = G(X,x,x) of H 
becomes 

/ -v x S(X, X, X + 7T) 

g{X,x) — . (3.3) 

2v/A 2 (A) - 1 

(see, e.g., eq. (3.58)]), where the branch of the square root is chosen 
so that the positive real axis maps onto itself and the square root is 



analytically continued to the complex A-plane away from the spectrum 
of H. Next, using (|2.5J) and ()3.3|) . one can show by straightforward 
computations that 

\g xx {\ x) + (X — V(x))g(X, x) = + *\ ■ (3.4) 

A A (A) — 1 

Together with (J2.5j) this implies 

-2g xx (X, x)g(X, x) + g x (X, xf + A{V{x) - X)g(X, xf = 1. (3.5) 

Next, we recall that {E m } meNo , {^j(x)} je ^ and {vk(x)}km are the 
zeros of the functions A(A) 2 — 1, s(X,x,x + 7r) and c'(X,x,x + n), 
respectively. Thus, 

E 2m -i = fm + ^ + 4±% + 4V ) (3-6) 
2m m->oo y m m z m mr ) 

lhn(x) = (m+^ + ^ + ^-)\ (3.7) 



m->oc y m m 2 m 2 , 

( \ ( , Cl i ° 2 _i_ /Q OX 

i/ m (x) = mH 1 H — , (3.8) 

m-^oo y m m z mr J 

where {5 m } m&h {e±} mm , {s m (x)} mm , {c m (x)} meN G £ 2 (N) (see, e.g., 
[TT)| Chs. 1, 3]). (Actually, Marchenko ^Hj did not explicitly work out 
the proof of (|3.8J) . but using his equation (1.5.3) along with ideas in 
the proof of [TJ3 Theorem 1.5.1], one can directly prove ()3.8|) . When 1/ 
is real- valued, one can use the interlacing property ()1.1|) and (|3.6jl .) 
We write 

g(X, x) = iM^l f or some function / (A, •) G C 3 (R). (3.9) 
2v A 

Then (J3.6)) and (J3.7)) together with (|3.3j) and the Hardamard factoriza- 
tion theorem (see, e.g., [2 Ch. 5]) imply that 

fo{X,x) = 0(1) for each x G R. 

Next, we infer from flH3J) and O that f (X,xf = 1 for every 

A^ioo 

x G R. Moreover, one can see that fo(X,x) = fo(x) + fi(X,x)/X for 
some fo(x) 2 = 1 and /i(A, ■) G C 3 (R), where fi(X,x) = 0(1) for 

A— noo 
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each 16R. Thus, 

g x (\,x), fe(A,i) = 0(\\\- 3 ' 2 ). (3.11) 

A— noo 

Next, from ([33]) . (|3~TUJ) and (l3~TT| we infer that 

fi(X,x) = f (x)V(x)/2 for every x G R, 

A— >ioo 

and hence g(X,x) has the following asymptotic expression 

9 (A,,) a =_ /„(,) + + 0(|A|^)) . (3.12) 

(Actually, it is known that fo(x) = 1 but fo(x) 2 = 1 suffices for our 
argument below.) The asymptotic expressions (|3.11|) and (|3.12|) along 
with f)3.4|) imply 

'c'(\ X ,x+.)Y = A 1 , 
2v/A 2 (A) - 1 y 4 4 

Next, one can choose neNso that the infinite product 

v m [xf 



Eo m _ i Eo-m 
m=n zm 1 zm 

converges absolutely to a non-zero complex number. 

If c'(X,x,x + tt) = for some x G R and A G C, then it is clear 
that t i — > c(A, x, t) is an eigenfunction of the Neumann problem in 
L 2 ([x, x + tt]) and A = i^(x) for some G No. Since A i— > c'(A,x,x + 
7r) 2 and 4(A(A) 2 — 1) are entire functions of order ~, the Hardamard 
factorization theorem implies that 

N—l oo / . x 2 



iV — 1 CO / x \ 

J{\x,x + irY = A x {x)\l{v m {x)-\y J] ] 

m=0 m=7V ^ m\ x )J 

2N-2 oo r/ \ \ / \ \ 

m=0 m=N 1 v m 7 x 7 

for some function Ai on R and a constant Z?! G C. Here we chose 
N > n so that for all m > N, E m ^ 0, u m (x) ^ and 

7T 

|A — E m \ < |A| for all large |A| with arg(A) = — . (3.15) 
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This is possible because |Im {E m )\ < maxo^^ |Im (V(x))| for m e No. 
Thus, 



1\ c'(A,a;,x + 7r) 2 
x) 4(A 2 (A)-1) 



A(£ - A) 



n 



m=l 



(i/ m (x) - \y 



A(x) 



1 _ 

A m=l 



n 



(E2m-1 — X){E 2m — A) 
2 



where 



\ Ai(x) T-r E2m-\E2m 



m=N 



Next, we have 



N 



\m=l 

AT 

= E 



(z/ m (x) - A) 5 



(E 2m -i — X)(E 2m — A) 



m=l 



2 In 1 



In 1 



2m- 1 



In 1 



(3.16) 



(3.17) 



E 



2 m 



X^ico X 



X J \ X J V A 

-\ >m{x) - E 2m -i - E 2m ] + 0(\X\- 2 ), (3.18) 



N 



m=l 



where we used ln(l — t) — —t + 0(t 2 ). Moreover, 



E 

m=N+l 

oo 

E 

m=N+ 



(2v m (x) - E 2m -i - E 2m ) 



1(^-1) 



< 



E'2m-1 

A 



\2u m (x) - E 2m -i - E; 



2m 



JAI^K^^x-A) (E 2m -X)\ 
|2f m (^) — E 2m -i — E 2m \ 

^ nrr^ <+ °°' 



m=iV+l 



|Ah 2 |A 
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and by flUSJ), flUB) and fEHKJl . 



E 



km(^) 2 - E 2m -lE; 



2m 



m =7V+l | I — II {— ~ L) 



< ^2 \ U rn(x) 2 - E 2m -lE 2m \ < +00. 



m=N+l 



Thus, we obtain 

too 
n 
m=N+l 

oo 

= E 

m=N+l 

oo 

= E ■» 



(v m (x) - Xy 



{E 2m -\ — A)\E 2m — A) J 

(E 2m -i - A) (£ 2m - A) - (u m (x) - A) 2 
{E 2m -i — A) (-E^m ~~ A) 

(2i> m (x) — E 2m -\ — E 2m )\ + {E 2m _\E 2m — v m [x] 



m=N+l 



1 - 



E 

m=N+l 



°[ E 

\m=N- 

1 OO 

-i E 



A2 ^ _!)(*,_ j) 

2u m (x) — E 2m -i — E 2m )X + (E 2m -\E 2m — u m {x) 2 ) 

(2u m (x) — E 2m _i — E 2m )\ + (E 2m _\E 2m — v m {xY 



m=N+l 
oo 



A 2 (^*=i - l) ( 
(2u m (x) — E 2m -i — E 2m ) 



X 



1) 



( E 2m -iE 2m — u m (x) 2 ) 

m =N+l — II (— - 1J 



A 2 ^ 



+ 0(|A| 



(3.19) 



where we used again ()3.15j) to bound the error term. Next, we use the 
dominated convergence theorem (with the discrete counting measure) 
in (|3.19|) to derive 

iy m {x) - A) 2 



■» n 



\E 2m -i — \)(E 2m — A)_ 



1 °° / i \ 

7 ioo ~X S (2^)-^ m -!-^ m ) + — . (3. 

* l0 ° m=V+l ^ ' ' ' 



20) 
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Finally, (jHZEEj) , and along with the fact e t = n 1 + 0(t) 

yield 



1 d(\,x,x + vr) 2 r 2u (x)-E ( 



A(x) 



1 - 



A 



A 4(A 2 (A) - 1) A^ioo 

1 °° / 1 \ i 

- - l 2 "rn(x) - E 2m _ x - E 2m ] + O I — J J . (3.21) 



Thus, comparing (|3.21|) with ()3.13|) . we infer A(x) = — \ and the desired 
trace formula (|3.2|) . □ 



4. The case when V(— sc) = 

In this section, we prove some general results on the location of 
Dirichlet and Neumann eigenvalues. 

The following lemma on periodicity of the eigenvalues is well-known 
and hence we omit the proof. 

Lemma 4.1. Suppose that V G L] 0C (M.) is periodic of period it. Then 
Hj(x ), j G N, and u k (x ), k G N , are all periodic functions of period 
ir. 

Next, we prove the following theorem, regarding a certain symmetry 
of the eigenvalues fij(x ) and u k (x ). 

Theorem 4.2. Suppose that V G L] 0C (M) is periodic of period ir and 
that V(— x) = V(x) for all x G K, or equivalently, V(tt — x) = V(x) 
for all x G [0, n] . Then for every j e N, k G No, and Xq G [0, it], 



Hj{n - x Q ) = Hj(x ) and v k {it - x ) = u k (x ). (4.1) 



Proof. Let y(jjj(x ),x) = s(/j,j(xo),x ,x). Then since V(—x) = V(x), 
we see that y(fij(xo), —x) is also a solution of 

-ip"(x) + V(x)ij(x) = (jt^xoMx) (4.2) 



with Hj(xo) replaced by fij(x ). (To see this, we take the complex conju- 
gate of equation (|4.2j) and replace x by —x.) We write y(^ij(xo), —x) = 
y(Hj(x ),x). 
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Thus, y(iij(x ),xo) = = y(ii j (x Q ),xo + n) yields 
y(Hj(x ), -x - 7r) = = y(fJ.j(x ), -x ) = y(^(x ), (-x - vr) + vr). 
This implies 

Vj(-Xo - it) = flj{x ). 
By Lemma f4. II we then have 

^■(tt - x ) = - x ) - 2tt) = Hj(xo). 

Similarly, we can show that v^iir — x ) = b>k(xo). □ 

Thus, for all xq G [0, 7r/2], Hj{xo) and ffc(^o) contain all information 
of the eigenvalues for xq G M. Moreover, we have the following corollary 
regarding reality of the eigenvalues /ij(x ), ^(^o) f° r = 0, §. 

Corollary 4.3. Suppose that V G L[ oc (M) periodic of period it and 
that V(-x) = V(x) for all x G E. Tnen for all j G N, k G N 0; /^(0), 
A*j(f ); ^fe(O) and are all real. 

Proof. Since yUj(O) = fij(Tt) = ^(ir — it) = /Xj(0), /Xj(0) are all real. 
Similarly, ^(0) are all real. Moreover, 

□ 

5. Bessel functions and some unpublished work of Deift 

In this section, we reconsider some results in an unpublished man- 
uscript by Deift [Q], where he explicitly expressed c'(X,x ,x + ^) an d 
s(A, xq, xo + 7r) for V(a;) = Ke 2lx , K G C, in terms of Bessel functions. 
In addition we will introduce some useful facts on Bessel functions. 

Consider the Schrodinger equation 

-ip"(x) + Ke 2ix ip(x) = Xtp(x), x G K, (5.1) 

where A, K G C. Gasymov 13J (also, see [T7j, Theorem 2]) showed 
that if V(x) = Ke 2ix , K G C, then 

A(A) = cos(ttv / A). 
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From this fact it is clear that 

£ = 0, £ 2m _i = E 2m = m\ men. (5.2) 
Next, the Bessel function J u (u) of the first kind is given by 

J( u )= (-YY y J~ l)m rf-V", u,ueC, (5.3) 

uK ' \2J ^ m\T(m + v + 1) \2J v 1 

where we choose the negative real axis as its branch cut for v ^ Z. The 
Bessel function J u solves the following differential equation 

d 2 r , \ 1 d T , . u 2 - v 2 T . . n . . 

+ uTu J ' (u) + ~^ Mu) = °- (5 - 4) 
One can show that x 1— > J^MyKe^) is a solution of (|5.1j) (see, e.g., |H[ 
p. 196]). Moreover, 

c(A,0,x) = ^ (Yy x (VK)J^(VKe ix ) - J^^Y^VKe™)) , 

S (A,0,x) = ^ (Y^VlQJ^VKe*) - J^VlQY^VKe*')) , 

where Yj, is the Bessel function of the second kind (also a solution of 
Q), defined by 

= WcosM J_,( M )_ 
sin(i/7r) 

In his unpublished manuscript Deift showed that 

a(A, 0, tt) = irJ^VK)J_ vx {VK), (5.6) 
c'(A, 0, tt) = irKJ^V^Ji^VK), (5.7) 

where he used f|5.5|) with 

J v (ue in ) = e™J„(u), 

Y u (ue i7r ) = e~ u *%(u) + 2icos{vit)J v {u). 

In Section El we will extensively use equations (|5.6|) and (|5.7|) . along 
with the trace formulas ()3.1|) . ()3.2|) to investigate the location of fij and 

Next, we list a number of basic facts on Bessel functions that will be 
used in the next section. 
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Lemma 5.1. 

(1) If u is real, then J v {u) is real for all u G M. 

(2) If v > —1, then all zeros of J v {u) are real and if v > 0, then 
all zeros of J' u (u) are real. 

(3) lfv>0, then the smallest positive zeros of J u (u) and J' v (u) are 
greater than v. 

(4) Ifn G Z, then J_ n (w) = (-l) n J n (w) and Jl n (u) = (-l) n J' n (u), 
ueC. 

(5) and J_ v are linearly independent if and only if v ^L7L. 

(6) J n and J m do not have a common zero ifm, n G No with m ^ n. 

(7) J' n ^i and J' n do not have a common zero for n£N. 

Proof. See, for example, j2Sl Ch. 15] and [H Ch. 9] for proofs of these 
results. We also note that assertions (1), (4) and (5) can be derived 
directly from ()5.3|) . □ 

6. Applications of the trace formulas 

In this section, we will prove a number of results regarding the 
location of the Dirichlet and Neumann eigenvalues for the potential 
V(x) = Ke 2lx , the collection of which becomes Theorem II .41 

In the following theorem, we will use /ij(K,x ) and u k (K,x ) to 
explicitly indicate the ^-dependence of these eigenvalues. 

Theorem 6.1. Suppose that V(x) = Ke 2tx and K = \K\e 2lipo for some 
(po ^ Then for each x G M., j G N, and k G No, 

fij(K,x) = fj,j(\K\,x + (f ) and u k (K,x) = u k (\K\,x + <f )- 
Proof. With K = \K\e 2ilp0 , JEH) becomes 

-tfj"(x) + \K\e 2l{x+Vo) ij(x) = AV>(x), x G R. (6.1) 
Next, we consider the equation 

-ip"(x) + \K\e 2ix ijj{x) = Xtp(x), xeR. (6.2) 

Clearly, y{x) is a solution of (jfi.lj) if and only if yi(x) — y(x — <po) 
is a solution of (|6.2jl . Moreover, y(x) = = y(x + 7r) if and only if 
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yi(x + <fo) = = yi(x + <po + tt). This implies that fij(\K\e 2lipo , x) = 
fij(\K\, x + (fo), j E N. Similarly one proves that v k (\K\e 2ltpo , x) = 
v k (\K\,x + ip ), k EN . □ 

Remark, (i) From the proof of Theorem 16.11 we conclude that for all 
x E R, j E N, and k E N , 

Hj{K, x) = fij(e 2ix K, 0) and v k (K, x) = u k (e 2ix K, 0). (6.3) 

(ii) By Theorem 16 .![ the periodic curves in the complex plane, gen- 
erated by x i — ► fij{x) and x t— > v k (x) remain the same for all K E C 
with the same magnitude. Thus, we will focus on the case K > 0. 

Next, we will provide more precise location of the Dirichlet eigenval- 
ues fJLj(0). 

Theorem 6.2. Suppose that V(x) = Ke 2tx and K > 0. Then 

(i) (j-l) 2 <fi 3 (0)< 3 2 foralljEN. 

(ii) IfO < K < 1, then for all j E N, 

J 2 ~ f < J 2 ~ f + Emit™ 2 - Hm{0)) < < J 2 ' and hence 

fij(0) ^ E m for all j E N, in E N . 
(hi) If K > 1 then M l = K-2 Y^it™ 2 ~ Mm(0)) > and 

j 2 - Ml < ^(0) < j 2 for all j > VK + 1, where [^K\ de- 
notes the largest integer that is less than or equal to \JK. In 
particular, ^ E m if j > vK + 1 and m E No- 

Proof of (ii). We recall that fij(0), j E N, are the zeros of s(A, 0, tt) 
and from ()5.6|) . 

s(X, 0, tt) = ttJ^VF) J_^(VF). (6.4) 

Also, by Corollary IP1 ^(0) G R for all j G N. 

Below, we will show the existence of in certain intervals ap- 

plying the intermediate value theorem. Subsequently the convergence 
of the series in the trace formula in Theorem 13.11 will be used to show 
that there exist no other fij{0). 

First, we will show that if < K < 1, then s((2n) 2 , 0, ix) > and 
s((2n — l) 2 , 0, 7r) < 0, n E N. The continuous function s(A, 0, 7r) is real 
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for A > (in fact, it is real for all A G M because if A < then the two 
Bessel functions in (16. 4 J) at \f~K G R are complex conjugates of each 
other since Re( v / A) = 0). 
By Lemma 15.11 (4) , 

J_ n {u) = {-l) n J n (u), neZ 

and hence 

s(n 2 ,0,n) = (-l) n (j n {^K)f . (6.5) 

By Lemma 15.11 (2) and (3), for each vA > 0, the zeros of it i — > J/^(u) 
are all real, and positive zeros of these functions are all greater than 
vA. Thus, if < K < 1, then for every n > 1, J n (\fK) ^ 0, and 
J (\^K) 7^ by (j5.3|) since the terms in the series (j5.3J) have alternating 
signs and since absolute values of these terms are strictly decreasing 
if y/K < 2. Thus, the sequence n ^ s(n 2 ,0,7r) = (-l) n ^J n (v^)) 
alternates its sign for all n > 0. By the intermediate value theorem at 
least one of /^(O) lies in every open interval ((n— l) 2 , n 2 ), n G N. Next, 
using the trace formula (j3.1)l . we will show that there is precisely one 
yUj(O) in every interval ((n — l) 2 , n 2 ). 
The trace formula (|3.1|) at Xq = reads 



K = Ke 



2ixr 



E + J2(E2 j -i + E 2j -2 f , j (0)) 



x =0 



CO 



= + ]T (2j 2 -2^(0)). (6.6) 
i=i 

This implies that if there were more than one Hj(0) in some ((n— l) 2 , n 2 ) 
or if there were one //j(0) on the negative real axis, then j 2 — /ij(0) > 1 
for all j > n+ 1, and hence the sum in (j6.6|) would be divergent. Thus, 
there is exactly one jttj(O) in every interval ((n — l) 2 ,n 2 ), n G N. Since 
the sum is K and since 2j 2 — 2/Xj(0) > for all j G N, we have 

K K i ~ 1 

Proof of (i) and (in). There is at least one /ij(0) in each closed interval 
[(n-l) 2 ,n 2 ],n G N. Otherwise, s((n-l) 2 , 0, tt) ^ and s(n 2 , 0, tt) ^ 0. 
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By flfi.4j) . there would be at least one fij(0) in the interior of the interval 
by the intermediate value theorem. Next, since the smallest positive 
zero of Jv(u), v > 0, is greater than u, the sequence n \— > s(n 2 ,0, it) 
alternates its sign for n > \/K. However, it is possible that s(n 2 , 0, n) = 
for some < n < \fK. 

Suppose that s(nl, 0, ir) = for some n E N, < n < \f~K. Then 
by ()6.4|) either J no (^/K) = or J_ no (^/K) = 0. However, since J no 
and J- no are linearly dependent, by LemmaEH](4), one concludes that 
J no (\/K) = and J_ ni) {\fK) = 0. Next, we will show that s(A,0,7r) 
has at least double zeros at A = nl if s(nl, 0, 7r) = 0. 

Since J no (\/K) = 0, one infers that \f\ \— > J/j(\fK) = (V\ — 
n o)/(V / A) for some entire function /. Since J- no (VK) = 0, also 
J^(\fK) = (\^X — n )(V\ + n )fi(X) for some entire function /j. 
Thus, 

s(\,0,n)=nJ^(VK)J^(VK) 

= tt(A-^) 2 A(v / A)/ 1 (-v / A) 

and hence s(A,0,7r) has at least a double zero at A = Uq. If n = 
then since n = —n , we have for some entire function f\, 

S (A,0,vr) = 7rA/ 1 (v / A)/ 1 (-v / A), 

and hence the zero can be simple or it can be of higher order. 

By Lemma Iq~T1 (6), if s(nl, 0, tc) = for some integer < n < VK, 
then s(n 2 , 0, n) ^ for n E No with n ^ n . If no = 0, then the 
zero must be simple, due to the convergence of the sum in ()6.6|) since 
(j - l) 2 < fij(0) < j 2 for all j > 2. If n ^ then the zero is not 
simple from the above argument. In fact, the zero must be of order 2; 
otherwise, the sum in (|6.6j) would diverge. 

If s(n 2 ,0,7r) ^ for all n E N , then (j - l) 2 < ^(0) < j 2 for all 
j E N like in the case (ii). Thus, we proved (i). 

The proof of (iii) is analogous to that of (ii). □ 



Next, we study the location of Neumann eigenvalues z/fc(0). 
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Theorem 6.3. Suppose that V(x) = Ke 2lx and K > 0. Then 

(i) k 2 < v k (0) <(k + l) 2 for all k G N . 

(ii) IfO < K <1, then for all k G N , 

k 2 < u k (0) <k 2 + f- i/ (0) - Et=\K(0) - m 2 ) < P + f - 
z/ (0), and Zience ^(0) 7^ E m for k G No, m G N . 

(iii) If K > 1 then M 2 = K- 2i/„(0) - 2Ei^ J K(0) - m 2 ) > 
and A; 2 < ffc(O) < A; 2 + ^ /or a// > \f~K . In particular, 
u k (0) ^E m fork>VK,me N . 

Proof of (ii). The arguments are very similar to that in the proof of 
Theorem 16.21 (ii). However, in the trace formula (|3.2|) . vq{xq) is paired 
with Eq, unlike in the Dirichlet case (|3.1|) . Hence, a more careful 
analysis is needed in the present Neumann case. 
We recall that v k (0), k G No, are the zeros of 



a real-valued continuous function on the real line. Moreover, by Corol- 
laryE"! z/ fc (0) G R for all k G N . 

If < K < 1, as in the case of Dirichlet eigenvalues, the sequence 
n 1— > c'(n 2 ,0,7r) = (—1)" ( J' n {yK) J alternates its sign for all n > 1. 



\[K < 2. Hence, by the intermediate value theorem there is at least 
one v k (0) in the interval ((n — 1) 2 ,?2 2 ) for every n G N. Moreover, 
z/fc(0) 7^ n 2 for any n£Z, Next, we will show that ^o(0) > 0, that is, 
there is no negative Neumann eigenvalue since c'(0, 0, n) 7^ 0. 
The trace formula (|3.2j) at sq = reads 



c'(A,0,tt) = 7iKJ'(^K)J'(VK), 



(6.7) 



By (|5.3|) . we see that J' Q {\/K) 7^ as in the case of Jo(yfK) 7^ for 



00 



K = Ke 2iX0 



xo=0 



2is (0)-E + J2(2v k (0)-E. 



2fc-l ~~ 



k=l 



00 




(6.8) 
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Next, suppose that J'^{\fK) = at A = ^q(O) < 0. Then since 
J'r^sfK) is an entire function of vA, we can write 

for some entire function /. Since 

J' r—A^K) = J' . (Vk) = 0, 

we see that f(—i^/\uo(0)\) = 0, and hence 

J'^iVK) = (v^-^ v ^^)(v^ + ^v^M)/i(v / A) 

for some entire function fx. Thus, 

c'(A,0,7r) = irKJ^VlQJL ^(VF) 

= 7rir(A-z/ (0)) 2 /i(v / A)/ 1 (-v / A), 

implying ^i(O) < 0. But then ()6.8|) would diverge, since there exists at 
least one ^(0) in the open interval ((n — l) 2 , n 2 ) for every neN. This 
is a contradiction, and hence there is no negative Neumann eigenvalue. 

The previous argument also shows that if c'(riQ, 0, ir) = for some 
n G N, then c'(A,0,7r) has at least a double zero at A = nfy, while 
c'(A, 0, 7r) could have a simple zero at A = 0. 

Moreover, still assuming < K < 1, if there were more than one 
Neumann eigenvalue z/fc(0) in some interval ((n— l) 2 , n 2 ), there would be 
at least three ffc(0) in this interval, counting multiplicity since z/fc(0) ^ 
m 2 . This would violate the convergence of the sum in 1)6. 8j) . Hence, 
there is exactly one z/fc(0) in each interval ((fc — l) 2 , k 2 ), fceN. Since 
z/ fc (0) — k 2 > for all k G N , we infer that 

< ^o(0) < -, 

k 2 < u k (0) <k 2 + j- u (0) - u m(0) <k 2 + j- z/ (0), 

m=l 

k G N. 

Proof of (i) and (in). Suppose that K > 1. We recall that z^fc(a;o) is 
numbered according to k G No- In proving Theorem 16. 2\ (i) and (iii), we 
used Lemma f5. II (6). while here we need Lemma f5. II (7). The point of 
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Lemma 15711 (7) in the proof is that if c'(n 2 , 0, 7r) = then c'(k 2 , 0, 7r) 7^ 
for k = (n — 1) and = + 1). The rest of the proof is similar to that 
of Theorem 16.21 (Ti and (hi). Hence, we omit further details. □ 



Next, we investigate /ij(7r/2), j 6 N. 

Theorem 6.4. Suppose that V(x) = Ke 2lx and K > 0. Then, 

(2j - l) 2 < ^-i(tt/2) < /i 2 ,(vr/2) < (2j) 2 , j G N, 

and /ience fij(it/2) 7^ _E m , m € N . 
Moreover, ifO<K<l, then 

(2j - l) 2 < /i 2i _i(7r/2) < (2j - i) 2 < ^(tt/2) < (2j) 2 , j e N. 

Proof. By ()5.6|) and (j6.3|) . fij(ii/2) are the values of A for which 

S (A,7r/2,3vr/2) = vrJ^e^W) J^(e^W) = 0. 

If A > 0, then all the zeros u of J^\{u) are real and one concludes that 
J^(e in/2 VK) ^ 0. Thus, the zeros of s(A, tt/2, 3tt/2) agree with those 



of J^^/xiiy K) and hence with those of 
Let 

/(«) = f^f) " JaiiVK) = £ lr f^ -TV - (6-9) 

We will show below that if < K < 1, then 

f(-n) > and f(-(2n - 1/2)) < for all n G N. (6.10) 

By the intermediate value theorem this then implies the existence of 
at least one Hj(7r/2) in every interval of the form 

(-(2n-l) 2 ,-(2n-l/2) 2 ), (-(2n- 1/2) 2 , -(2n) 2 ), nGl. 

Thus, the convergence of the trace formula 

00 

-K = Ke 2iX0 =E + y2(E 2j - 1 + E 2j -2 t i j (n/2)) (6.11) 

x =tt/2 *r~? 

3=1 

implies that there is exactly one eigenvalue fij(n/2) in each interval 
above, and these are all the /Xj(7r/2). 
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Since J_Jis/K) = (-1)" J n {iy/K), n G Z, and since by (EH), /(n) > 
0, n G No, we infer from Lemma f5. II (4) that 

f{-n) = (tVK/2) n J^ n (tVK) 

= {-l) n {iVK/2) 2n f{n) > 0, ne N . (6.12) 

Next, we show that /(— 2n + 1/2) < 0, n G N. For every < m < 
2n — 2, repeated use of the formula T(A) = ^r(A + 1), implies 

(-2) 2n - m - 1 r(i/2) 



T(m-2n + 3/2) 
Thus, from (|fj.9j) . 

oo 

/(-2n + 1/2) = £ 



n£r^ 1 (4n-2m-(2y + l))" 



(6.13) 



' A' 



2(/i 



m!r(m-2n + 1/2 + 1) 



m=0 
2n-2 

(_1 V; 1 1 1 i 

m=0 



n;:7 m " 1 (4n-2m-(2 J 

2 2 «- 1 m!r(l/2) 

2m 



1)) ^ 

2 



+ E 



/A 
2 



m=2n- 



m!r(m- 2n+ 1/2 + 1) 



(6.14) 



Moreover, 

oo 

E 



m 2m 



< 



(f) 



m _ ln _^ mW(m - 2n + 1/2 + 1) (2n - 1)!0F 
and hence, if < K < 1, 

/^x2n-2 /'AN 2 ™" 1 A/4 

f f_2n + 1/2) < ^ + ^ - 

j{ m + i/i } < 2 2n-i (2n _ 2)! F + (2n-l)!0F 



nGN, (6.15) 



2n-2 



(f) 



(f) 



,A/4 



(2n - 1) 



< 0. (6.16) 



2 2 "~ 1 v /?(2n-2)! 

Here we used the fact that the sign of an alternating sum with terms 
of decreasing magnitudes agrees with the sign of the first term. 

In order to prove the first part of the theorem, we note that ()6.12|) 
holds for every K > 0, while ()6.16|) may not hold for some K > 1. Next, 
for each K > 1 and < e < 1 we introduce the family of potentials 
V(x) = eKe 2lx . Again, we use the notation Hj(eK,0) to indicate the 



24 

e- dependence of these eigenvalues. Then, for each j G N, the function 
e i — > fij(eK,0) is continuous since J v (u) is an entire function of v for 
each fixed m / 0, and an analytic function of u on the positive real 
axis. 

When e = j^, that is, when V(x) = e 2lx , we proved above that 

(2j - l) 2 < ^ 2i _ 1 (l, tt/2) < /i 2j (l, tt/2) < (2j) 2 , J G N. 

So as £ increases to 1, the real numbers fij(eK,n/2) cannot become 
(2j - l) 2 or (2j) 2 due to (IFH2J) which holds for all K > 0. This 
completes the proof. □ 

Next, we investigate ^fc(vr/2) for k G Mo. 

Theorem 6.5. Suppose that V(x) = Ke 2tx and K > 0. T/ien 

(2A;) 2 < v 2k (n/2) < ^+i(vr/2) < (2k + l) 2 , fc G N , 

and hence Vk(n/2) ^ E m , k G No. 
Moreover, ifO<K<^, then 

(2k) 2 < v 2k (ixj2) < (2k + i) 2 < /i 2fc+1 (7r/2) < (2k + l) 2 , k G f% 

Proof. One can follow the arguments in the proof of Theorem 16.41 By 
(|5.7j) and (|6.3|) . u k (n/2) are values of A for which 

c'(A,7r/2,37r/2) = iirJ'^iVK) j'^(iVK) = 0. 

If A > 0, then J'^fiy/K) ^ and hence the zeros of c'(A, vr/2, 3vr/2) 
agree with those of J'_^(iy/K) and hence they agree with those of 

J' ^iy/K). Next, define 

g(a) = Hf\ J' a (iVK), a G R. 

Then one can show that for each X > 0, 

#(n) > 0, nGl (6.17) 

Here the identity 

J^(w) = -J„(«) - Jv+l(u) 

u 
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(see PP- 45]) turns out to be useful. 
Moreover, one can show that if < K < |, then 

g{-2n- 1/2) < 0, n G N . 

Thus, if < K < ~, then g(a) has at least one zero in each interval of 
the form (-2n - 1, —2n - 1/2) and (-2n - 1/2, -2n), n G N . Using 
the trace formula ()3.2j) one can show that there are no other zeros and 
hence this proves the second part of the theorem. 

The proof of the first part of the theorem is analogous to that of 
Theorem 16.41 □ 

Theorem 6.6. Suppose that V(x) = Ke 2lx and K > 0. Then for every 
x G (0,tt) ; fij(x), u k (x) ^ E m . 

Proof. From ()6.3|) one knows that fij{x) are zeros of 

s(X, x,x + n) = nJ^(e lx VK)J_^(e ix VK), (6.18) 

and that Vk{ x ) are zeros of 

c'(A, x, x + tt) = vrv/Ke"' J'^{e ix VK)J'_ ^(e lx VK). (6.19) 

Since all zeros of J„(w) and J' n {u) are real for n > 0, we see that if 
< x < tt, then fMj(x), Uk(x) ^ n 2 , n G N , because e %x is non-real. □ 
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